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Infinite-Dimensional Fermionic Symmetry
in Supersymmetric Gauge Theories
Thomas T. Dumitrescu, Temple He, Prahar Mitra, and Andrew Strominger
Center for the Fundamental Laws of Nature,
Harvard University, Cambridge, MA 02138, USA
We establish the existence of an infinite-dimensional fermionic symmetry in four-dimensional
supersymmetric gauge theories by analyzing semiclassical photino dynamics in abelianN = 1
theories with charged matter. The symmetry is parametrized by a spinor-valued function
on an asymptotic S2 at null infinity. It is not manifest at the level of the Lagrangian, but
acts non-trivially on physical states, and its Ward identity is the soft photino theorem. The
infinite-dimensional fermionic symmetry resides in the same N = 1 supermultiplet as the
physically non-trivial large gauge symmetries associated with the soft photon theorem.
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1. Introduction
Amplitudes that describe the emission or absorption of soft, massless particles by a hard
scattering process often factorize into hard and soft contributions. In favorable cases, this
factorization takes a simple, universal form, which does not depend on the detailed structure
of the theory. Such factorization results are known as soft theorems (see for instance [1] and
references therein). A prototypical example is the soft photon theorem, which states that the
leading infrared (IR) behavior of an (n+1)-particle amplitudeMn+1 involving a soft photon
of momentum ps takes the form
Mn+1 → SMn as ps → 0 . (1.1)
1
HereMn only involves the n hard particles, and S is a soft factor that depends on the electric
charges and momenta of the hard particles, as well as the polarization and the momentum
of the soft photon. (The generalization to theories with magnetically charged particles was
described in [2].) The precise form of S is essentially determined by Lorentz and gauge
invariance and will be reviewed below. Soft theorems govern the leading and subleading IR
behavior of amplitudes in abelian or nonabelian gauge theories and gravity; some old and
recent analyses are in [3–52]. In general, the soft factor S is replaced by an operator that
acts on the external legs of the hard amplitude Mn. Universal soft theorems are robust
against quantum corrections, which are typically absent or restricted to low loop orders in
perturbation theory; see for instance [14, 22, 37, 52] and references therein. In this paper, we
will only discuss tree-level amplitudes.
The universal soft behavior of gauge boson amplitudes was recently traced back to the ex-
istence of infinitely many symmetries that act on asymptotic scattering states at Minkowskian
null infinity, i.e. asymptotic symmetries, whose Ward identities are equivalent to the soft
theorems [53–67, 2, 68, 69]. Typically, these asymptotic symmetries can be viewed as large
gauge transformations, which do not vanish at infinity and therefore act non-trivially on
physical states.1 For instance, the symmetries that give rise to the leading soft photon
theorem [53, 57, 64–66, 2, 69] are parametrized by a function ε(z, z) on an asymptotic S2
(with coordinate z ∈ C) inside the null boundary of Minkowski space. The corresponding
charges E [ε] are higher-harmonic generalizations of the electric charge,2 to which they re-
duce when ε(z, z) = 1. Transformations with non-constant ε(z, z) inhomogeneously shift
the gauge field Aµ by ∂µε, and hence they are spontaneously broken. The corresponding
Goldstone bosons are soft, zero-momentum photons.
It is natural to ask whether soft theorems for massless particles that are not gauge
bosons have similar interpretations in terms of asymptotic symmetries. Here we will explore
this question in the context of rigid supersymmetric gauge theories, where the gauge fields
are accompanied by massless spin-1
2
superpartners. For simplicity, we confine our attention
to U(1) gauge theories with N = 1 supersymmetry and massless charged matter in four
dimensions. The U(1) photon Aµ has an electrically neutral, fermionic superpartner – the
photino Λα – whose couplings to charged matter are related to those of the photon by
supersymmetry. The soft photino theorem takes the general form (1.1), where S is a non-
1 Here we follow the terminology of [53]: large gauge transformations are assumed to act non-trivially on
physical states, because they do not vanish sufficiently rapidly at the boundary of spacetime. However, they
may be topologically trivial, i.e. deformable to the identity gauge transformation.
2 The charges E [ε] were denoted by Qε in [57]. Here we choose a different symbol to avoid a clash with
the supersymmetry generators Qα.
2
trivial fermionic soft operator, which acts on the external states of the hard amplitude Mn
in a universal fashion.
In this paper, we will establish the existence of infinitely many fermionic asymptotic sym-
metries, parametrized by a chiral spinor-valued function χα(z, z) on S
2, whose Ward identities
give rise to the soft photino theorem. The corresponding anticommuting charges F [χ] act
on the asymptotic fields at null infinity. However, unlike the infinity of bosonic charges E [ε],
they are not a subgroup of any obvious symmetry of the Lagrangian.3 The usual Lagrangian
only displays a finite number of manifest fermionic symmetries – the global supersymmetries
generated by Qα and Qα˙. It is perhaps surprising that even rigid supersymmetric gauge
theories can support an infinite number of fermionic asymptotic symmetries.4 By contrast,
this is expected in supergravity, where local supersymmetry is a gauge symmetry [71, 72].
Under the action of F [χ] we find that the photino Λα shifts inhomogenously. Hence these
symmetries are spontaneously broken, and the soft photini are interpreted as the correspond-
ing Goldstone fermions. Interestingly, supersymmetry relates the fermionic charges F [χ] to
the bosonic charges E [ε]. We find (see (3.50) below),
{
ζαQα,F [χ]
}
= iE [ζαχα] ,
{
Qα˙,F [χ]
}
= 0 . (1.2)
Here the supersymmetry transformation is parametrized by a commuting, constant spinor ζα,
and χα(z, z) is also taken to be commuting. The charges E [ε] commute with Qα and Qα˙.
The soft photon theorem implies that the insertion of a zero-momentum, positive-helicity
photon into a scattering amplitude can be interpreted as the Ward identity for a U(1) Kac-
Moody current, which transforms in a (1, 0) representation of the SL(2,C) conformal sym-
metry acting on the S2 at null infinity [53, 57]. Similarly, we will see that the insertion of a
positive-helicity photino behaves like a (1
2
, 0) current on S2. The two currents are related by
supersymmetry, as was the case for the charges in (1.2).
In section 2, we begin by reviewing basic aspects of abelian gauge theories with N = 1
supersymmetry, focusing on the structure of the supermultiplet that contains the electric
3 The asymptotic symmetries related to the magnetic generalization of the leading soft photon theorem [2]
or the subleading soft photon theorem [58] are also not manifest at the level of the Lagrangian.
4 A similar phenomenon occurs in three-dimensional, supersymmetric Chern-Simons theory in the pres-
ence of a suitably supersymmetric boundary, which supports a supersymmetric Kac-Moody current algebra.
(As we will see below, the asymptotic symmetries E [ε] and F [χ] also give rise to just such a current alge-
bra.) The bosonic Kac-Moody symmetries are conventional gauge transformations that do not vanish at the
boundary. The Kac-Moody fermions can be understood as a remnant of the full super gauge symmetry that
is present before fixing Wess-Zumino (WZ) gauge (see for instance [70]). It is plausible that our asymptotic
symmetries F [χ] have a similar interpretation, but we will not show it here. Instead, we will exhibit the
charges F [χ] directly in WZ gauge and explore their properties.
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current Jµ, which couples to the photon, and its fermionic superpartner KFα , which couples to
the photino. We present a current-algebra derivation of the tree-level soft photon and photino
theorems that utilizes the properties of Jµ and KFα matrix elements between asymptotic
states. This derivation emphasizes the universality of the two soft theorems, as well as their
relation via supersymmetry. It also clarifies the structure of the soft operator S in (1.1) that
arises in the soft photino theorem.
In section 3 we analyze the classical dynamics of the supersymmetric gauge theory near
null infinity. This is facilitated by a convenient choice of coordinates and spinor basis, in
which the asymptotic behavior of massless fields near null infinity is simply related to their
quantum numbers with respect to the conformal group that governs the deep IR behavior of
the theory. After reviewing the results of [57] on the asymptotic dynamics of the photon and
the associated bosonic charges E [ε], we repeat the analysis for the photino. We construct
the fermionic asymptotic charges F [χ] and establish some of their basic properties.
In section 4 we show that the Ward identity for the fermionic symmetries F [χ] repro-
duces the soft photino theorem derived in section 2.
Our conventions, as well as various useful formulas, are summarized in appendix A.
Appendix B describes the mode expansions of all fields that appear in this paper in terms of
creation and annihilation operators.
2. Soft Theorems
2.1. Aspects of N = 1 Gauge Theories
Unless stated otherwise, we will use the conventions of [73]. As was stated in the in-
troduction, we will consider U(1) gauge theories with N = 1 supersymmetry. After fixing
Wess-Zumino (WZ) gauge, the vector multiplet V is given by
V = (Aµ ,Λα ,Λα˙ ,D) . (2.1)
Here Aµ is the U(1) gauge field (i.e. the photon) with field strength Fµν = ∂µAν − ∂νAµ. It
is subject to conventional U(1) gauge transformations, which remain unfixed in WZ gauge.
The spin-1
2
superpartner of the photon is the photino, which is described by a left-handed
Weyl fermion Λα and its right-handed Hermitian conjugate Λα˙. The vector multiplet also
contains a real scalar D, which is a non-propagating auxiliary field.
In WZ gauge, the non-vanishing (anti-) commutators of the component fields in the
4
vector multiplet V with the supercharges Qα, Qα˙ are given by
[
Qα,Aµ
]
= −σµαα˙Λα˙ ,
[
Qα˙,Aµ
]
= Λασµαα˙ , (2.2a){
Qα,Λβ
}
= εαβD − i (σµν)αβ Fµν ,
{
Qα˙,Λβ˙
}
= εα˙β˙D − i (σµν)α˙β˙ Fµν , (2.2b)[
Qα,D
]
= −iσµαα˙∂µΛ
α˙
,
[
Qα˙,D
]
= −i∂µΛασµαα˙ . (2.2c)
The dynamics of the gauge multiplet is described by a Lagrangian Lgauge, which is invariant
(up to a total derivative) under the supersymmetry transformations in (2.2),
Lgauge = −
1
4e2
FµνFµν −
i
e2
Λσµ∂µΛ+
1
2e2
D2 + (higher-derivative terms) . (2.3)
In addition to the standard two-derivative kinetic terms for the gauge multiplet, we are
allowing for the possibility of higher-derivative terms, e.g. terms such as F 4 + (fermions),
which arise in supersymmetric Born-Infeld actions. The soft theorems discussed below remain
valid in the presence of such terms.
The interaction of the gauge field Aµ with matter proceeds through a conserved cur-
rent Jµ, which resides in a real linear multiplet J ,5
J =
(
KB ,KFα ,KFα˙ ,Jµ
)
, ∂µJµ = 0 . (2.4)
Here KB is a real scalar, while KFα and its Hermitian conjugate KFα˙ are left- and right-handed
Weyl spinors. Unlike Jµ, neither KB nor KFα ,KFα˙ obey a differential constraint, i.e. they are
not conserved currents. All fields in the current supermultiplet J are gauge invariant. Their
non-vanishing supersymmetry transformations take the following model-independent form,
[
Qα,KB
]
= iKFα ,
[
Qα˙,KB
]
= iKFα˙ , (2.5a){
Qα˙,KFα
}
= −iσµαα˙
(
Jµ + i∂µKB
)
,
{
Qα,KFα˙
}
= iσµαα˙
(
Jµ − i∂µKB
)
, (2.5b)[
Qα,Jµ
]
= −2(σµν)αβ∂νKFβ , [Qα˙,Jµ] = 2 (σµν)α˙β˙ ∂νKF β˙ . (2.5c)
At first order, the interaction of the fields in the vector multiplet V with matter proceeds via
5 In superspace, a real linear multiplet is described by a real superfield J that satisfies the con-
straints D2J = D2J = 0, where Dα, Dα˙ are the usual super-covariant derivative operators defined in [73].
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the following universal couplings to the operators in the current multiplet J ,6
Lint = −AµJµ − iΛKF + iΛKF −DKB + (higher order) . (2.6)
The higher-order terms are required by gauge invariance and supersymmetry.
In general, the current multiplet J encodes all couplings of the gauge theory to charged
matter, as well as possible self-interactions due to higher-derivative terms, such as those
indicated in (2.3). For simplicity, we will take all matter fields to reside in massless chiral
multiplets. Most of the results below only rely on general properties of the current multi-
plet J , e.g. its supersymmetry transformations (2.5), but do not depend on the detailed form
of the interaction terms. Nevertheless, it is helpful to keep in mind the simplest theory in
this class, which consists of a single massless, minimally coupled chiral multiplet of charge q,
with canonical kinetic terms and no superpotential or higher-derivative interactions.7 In this
theory, the operators in the current multiplet J are given by
KB = qΦΦ , (2.7a)
KFα = q
√
2ΦΨα , KFα˙ = q
√
2ΦΨα˙ , (2.7b)
Jµ = q
(
iΦ
←→
DµΦ+Ψ σµΨ
)
. (2.7c)
Here Φ,Ψα are the propagating component fields in the chiral multiplet (their Hermitian
conjugates Φ,Ψα˙ reside in an anti-chiral multiplet) and Dµ = ∂µ−iqAµ is the gauge-covariant
derivative. In our conventions, the electric charge E is given by
E =
∫
d3xJ0 , (2.8)
and the statement that Φ,Ψα both have charge q means that
[E ,Φ(x)] = −qΦ(x) , [E ,Ψα(x)] = −qΨα(x) . (2.9)
This implies that a state |Φ〉 ∼ Φ(x)|0〉 created by Φ(x) has charge −q, since E |Φ〉 = −q|Φ〉.
6 For instance, this means that Jµ(x) = −
δSint
δAµ(x) , where Sint =
∫
d
4
xLint.
7 This theory is quantum mechanically anomalous. The anomaly can be cancelled by including additional
chiral multiplets with suitable U(1) charge assignments.
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2.2. Scattering Amplitudes
We are interested in tree-level scattering amplitudes involving particles in the gauge
and matter multiplets. An n-point amplitude Mn is specified by n asymptotic one-particle
states |f, p, s〉, where p is the four-momentum of the particle and s is a spin or helicity label.
The label f denotes the particle type, i.e. the field f(x) that creates the state, |f〉 ∼ f(x)|0〉.8
For instance, we write |F , p,±〉 for a photon of momentum p and helicity ±1. Similarly,
|Λ, p,−〉 and |Λ, p,+〉 are photini of momentum p and helicity −1
2
and +1
2
, respectively. (See
appendix B for further details.) We normalize one-particle states as follows,
〈f, p, s|f ′, p′, s′〉 = (2π)3 (2p0) δf,f ′δs,s′δ(3)(~p− ~p ′) . (2.10)
An n-point amplitude Mn that describes m incoming particles
{|fi, pi, si〉}mi=1 scattering
into n−m outgoing particles {|fi, pi, si〉}ni=m+1 is given by
Mn = 〈m+ 1 ; . . . ; n
∣∣S ∣∣ 1 ; . . . ; m〉 , (2.11)
where S is the scattering matrix and we have introduced the shorthand
|i〉 = |fi, pi, si〉 (i = 1, . . . , n) . (2.12)
2.3. Soft Photon Theorem
Consider a scattering amplitudeMout,±n+1 involving an outgoing photon of momentum pn+1
and helicity ±, as well as n other asymptotic states (some of which may also be photons),
Mout,±n+1 =
〈
m+ 1 ; . . . ; n ; F , pn+1,±
∣∣S ∣∣1 ; . . . ; m〉 . (2.13)
The leading behavior of this amplitude when the momentum of the photon is taken to zero,
pn+1 → 0, is governed by a universal soft theorem (see for instance [1] and references therein),
Mout,±n+1 −→ e
(
n∑
i=m+1
qi
ε(±) · pi
pn+1 · pi
−
m∑
i=1
qi
ε(±) · pi
pn+1 · pi
)
Mn . (2.14)
Here ε(±)µ is the polarization vector of the soft photon, qi is the electric charge of particle i,
and Mn is the hard amplitude without the soft photon. The only assumptions that are
8 In this notation, 〈f | ∼ 〈0|f(x), while |f〉 = f(x)|0〉 and 〈f | ∼ 〈0|f(x), where f(x) is the Hermitian
conjugate of f(x).
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needed to derive the soft photon theorem are Lorentz symmetry and gauge invariance. In
order to set the stage for our discussion of supersymmetric soft theorems, we will now sketch
a proof based on matrix elements of the electric current between asymptotic states.
At tree level, the pole at pn+1 = 0 on the right-hand side of (2.14) can only arise
when an internal propagator goes on shell, which happens precisely when the soft photon
attaches to one of the external lines. This is described by a single insertion of the interaction
term −AµJµ ⊂ Lint in (2.6). Factorizing on the propagators that go on shell when pn+1 → 0
then leads to
Mout,±n+1 −→ −i 〈F , pn+1,±|Aµ(0) |0〉×∑
f,s
( n∑
i=m+1
−i
2pn+1 · pi
〈i| Jµ(0) |f, pi, s〉
〈
m+ 1 ; . . . ; f, pi, s ; . . . ;n
∣∣S ∣∣1 ; . . . ; m〉
−
m∑
i=1
−i
2pn+1 · pi
〈
m+ 1 ; . . . ;n
∣∣S ∣∣1 ; . . . ; f, pi, s ; . . . ; m〉 〈f, pi, s| Jµ(0) |i〉
)
.
(2.15)
It follows from the mode expansions in appendix B that
〈F , pn+1,±|Aµ(0) |0〉 = eε(±)µ . (2.16)
Lorentz invariance and current conservation completely determine the matrix elements of the
electric current Jµ(x) between states of equal momentum (i.e. in the forward limit) in terms
of their electric charge (see for instance [1], chapter 10),
〈f, p, s| Jµ(0)
∣∣f ′, p, s′〉 = −2qf pµδff ′δss′ . (2.17)
Substituting (2.16) and (2.17) into (2.15) establishes the soft photon theorem (2.14).
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2.4. Soft Photino Theorem
In the supersymmetric case, we can study scattering amplitudes Mout,+n+1 involving an
outgoing photino Λ of momentum pn+1 and positive helicity, as well as n other hard particles,
9
Mout,+n+1 =
〈
m+ 1 ; . . . ; n ; Λ, pn+1,+
∣∣S ∣∣1 ; . . . ; m〉 . (2.19)
In order for the amplitude to be non-zero, the total number of fermions involved in the
scattering process (including the photino) must be even. We are interested in the leading
behavior of this amplitude when the photino momentum is taken to zero, pn+1 → 0. As in
section 2.3, this arises from single insertions of the interaction terms −iΛKF + iΛKF ⊂ Lint
in (2.6) that attach only to external lines. For a positive-helicity photino, insertions of−iΛKF
do not contribute, since
〈
Λ, ps,+
∣∣Λα(0) |0〉 = 0. Therefore, the amplitude obeys the following
soft theorem,
Mout,+n+1 −→ −
〈
Λ, pn+1,+
∣∣Λα˙(0) |0〉×∑
f,s
( n∑
i=m+1
−i
2pn+1 · pi
(−1)σi 〈i| KF α˙(0) |f, pi, s〉
〈
m+ 1 ; . . . ; f, pi, s ; . . . ;n
∣∣S ∣∣1 ; . . . ; m〉
−
m∑
i=1
−i
2pn+1 · pi
(−1)σi 〈m+ 1 ; . . . ;n∣∣S ∣∣1 ; . . . ; f, pi, s ; . . . ; m〉 〈f, pi, s| KF α˙(0) |i〉
)
.
(2.20)
Here (−1)σi is a fermion sign factor that comes from anticommuting KF α˙ across multi-particle
states.10
The photino wavefunction is given by (see appendix B)
〈
Λ, pn+1,+
∣∣Λα˙(0) |0〉 = eηα˙(pn+1) . (2.21)
9 We add the photino to the out state by acting with its destruction operator (see appendix B) as follows,〈
m+ 1 ; . . . ; n ; Λ, pn+1,+
∣∣ = 〈m+ 1 ; . . . ; n ∣∣aΛ,+(pn+1) . (2.18)
10 For an out state 〈m+1 ; . . . ; i ; . . . ; n| we define σi to be the number of fermionic states in positions i+1
through n. For an in state |1 ; . . . ; i ; . . . ; m〉 we define it to be the number of fermionic states in positions 1
through i− 1.
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Here ηα˙(p) is a standard spinor-helicity variable corresponding to a null momentum p,
11
pµσ
µ
αα˙ = ηα(p)ηα˙(p) . (2.22)
We must now evaluate the matrix elements of the fermionic operator KF α˙ between single-
particle states, in the forward limit. In general, the matrix elements of such an operator may
be model-dependent. However, KF α˙ resides in the same supermultiplet (2.4) as the conserved
electric current Jµ, whose forward matrix elements are universal, as discussed around (2.17).
Explicitly, we can evaluate the following commutation relation from (2.5),
{
Qα,KFα˙
}
= iσµαα˙
(
Jµ − i∂µKB
)
, (2.23)
between single-particle states in the forward limit, where we can drop the total deriva-
tive ∂µKB. Using (2.17) then leads to
〈f, p, s|{Qα,KFα˙} ∣∣f ′, p, s′〉 = −2iqf pµσµαα˙ δff ′δss′ . (2.24)
The appearance of δff ′ on the right-hand side shows that only single-particle states that reside
in the same supermultiplet can can lead to non-vanishing matrix elements for KFα˙ . When the
supercharges act on the left or the right, they lead to other states in this supermultiplet, in
a way that is completely determined by representation theory. This can be used to derive all
matrix elements of KFα˙ between massless or massive single-particle states of arbitrary spin.
Here we explicitly work this out for a massless chiral multiplet Φ,Ψα of charge q, and
its conjugate anti-chiral multiplet Φ,Ψα˙ of charge −q. The relevant single-particle states are
|Φ, p〉 , |Ψ, p,−〉 and |Φ, p〉 , |Ψ, p,+〉 . (2.25)
On these states, the supersymmetry algebra is represented as follows,12
Qα˙|Φ, p〉 = 0 , Qα|Φ, p〉 =
√
2i ηα(p)|Ψ, p,−〉 ,
Qα˙|Ψ, p,−〉 = −
√
2i ηα˙(p)|Φ, p〉 , Qα|Ψ, p,−〉 = 0 . (2.26)
The action of the supercharges on the conjugate anti-chiral states is obtained by exchang-
ing Qα ↔ Qα˙, |Φ, p〉 ↔ |Φ, p〉, ηα(p)↔ ηα˙(p), and |Ψ, p,−〉 ↔ |Ψ, p,+〉.
11 In terms of the usual angle and square brackets, we have ηα(pi) = i〉α and ηα˙(pi) = i]α˙.
12 This follows from the non-vanishing commutation relations for a free chiral multiplet, [Qα,Φ] = i
√
2Ψα
and {Qα˙,Ψα} =
√
2σµαα˙∂µΦ, as well as the mode expansions in appendix B.
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We can now implement the procedure described after (2.24) to obtain all non-vanishing
matrix elements of KFα˙ ,
〈Φ, p|KFα˙ (0)|Ψ, p,−〉 = 〈Ψ, p,+|KFα˙ (0)|Φ, p〉 =
√
2qηα˙(p) . (2.27)
Substituting into (2.20), we obtain the final form of the soft photino theorem,
Mout,+n+1 −→
√
2ie
n∑
i=m+1
qi
η(pn+1)η(pi)
(FiMn)−
√
2ie
m∑
i=1
qi
η(pn+1)η(pi)
(FiMn) . (2.28)
Here the qi are the electric charges of the asymptotic states. The n-particle amplitudeMn is
obtained fromMout,+n+1 by deleting the photino, but since it has an odd number of fermion ex-
ternal states, it vanishes. The non-vanishing n-point amplitude FiMn is obtained fromMn
by acting on the ith single-particle state with a fermionic operator F , which satisfies
〈Φ, p|F = −〈Ψ, p,−| , 〈Ψ, p,+|F = 〈Φ, p| ,
F |Φ, p〉 = |Ψ, p,+〉 , F |Ψ, p,−〉 = −|Φ, p〉 .
(2.29)
The action of F on all other single-particle states vanishes, and we take F to act from the
right on out states and from the left on in states. Since F is a fermionic operator, it picks
up a sign whenever it moves past another fermionic operator or state. This accounts for the
factors (−1)σi in (2.20).
So far we have only discussed an outgoing soft photino of positive helicity. The negative
helicity case can similarly be shown to satisfy
Mout,−n+1 −→ −
√
2ie
n∑
i=m+1
qi
η(pn+1)η(pi)
(
F
†
iMn
)
+
√
2ie
m∑
i=1
qi
η(pn+1)η(pi)
(
F
†
iMn
)
,
(2.30)
where the fermionic operator F † is the Hermitian conjugate of the operator F defined
in (2.29). Finally, the soft theorems for ingoing photini can be obtained from (2.28) and (2.30)
by crossing symmetry.
3. Asymptotic Symmetries
3.1. Kinematics
We are studying scattering from past to future null infinity in flat Minkowski space,
ds2 = ηabdy
adyb with ηab = −+++. In order to discuss physics at null infinity, it is convenient
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to choose a different set of coordinates xµ = (u, r, z, z), in which the Minkowski metric takes
the form
ds2 = −dudr + r2dzdz . (3.1)
These coordinates degenerate at r = 0, but this will not affect our discussion of the asymptotic
regions at large r. The transformation to conventional flat coordinates ya is given by13
y0 =
1
2
(
u+ r
(
1 + |z|2)) ,
y1 =
r
2
(z + z) ,
y2 = −ir
2
(z − z) ,
y3 = −1
2
(
u− r (1− |z|2)) .
(3.2)
The null coordinates −∞ < u, r <∞ are real, while z ∈ C is complex. Future and past null
infinity I + and I − are located at r → +∞ and r → −∞, respectively (see appendix A
for additional details). Both have topology R× S2, where R is a null direction parametrized
by u, while the S2 is spacelike. The complex variable z is an angular coordinate, which covers
all of S2, except one point that will not be important for us. Note that a light ray traversing
Minkowski space hits the same angular coordinate z at both I + and I −, i.e. points with
the same angular coordinate are identified by the antipodal map.
The future and past boundaries of I + are at u → ±∞ and will be denoted by I +± .
Given a field O(u, z, z) on I +, its boundary values at I +± are given by the following limits,
assuming they exist,
O|
I
+
±
= lim
u→±∞
O(u, z, z) . (3.3)
Similarly, the boundaries of I − at u→ ±∞ are I −± , and the corresponding boundary values
of a field O−(u, z, z) on I − are denoted by O−|
I
−
±
. We will generally label fields on I −
using the same symbols as the corresponding fields on I +, but with an extra superscript − .
Spatial infinity is pinched between I +− and I
−
+ .
13 The (u, r, z, z) coordinates are simply related to other useful coordinate systems. For instance, they can
be obtained from standard retarded coordinates (u′, r′, z′, z′), in which ds2 = −du′2−2du′dr′+ 4r′2
(1+|z
′
|
2
)
2 dz
′
dz
′,
by setting u′ = cu, r′ = 12cr, z
′ = cz and taking the constant c → 0+. By further redefining r → − 1
r
, we
obtain the coordinates that were used in [74] to study energy and charge correlators at null infinity.
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In order to discuss spinors, it is convenient to choose the vielbein
eaµdx
µ = dya =
∂ya
∂xµ
dxµ , (3.4)
with ya(xµ) as in (3.2), since it leads to a vanishing spin connection. Therefore, covariant
derivatives of spinors coincide with ordinary partial derivatives. This makes it straightforward
to adapt standard flat-space formulas (e.g. supersymmetry transformations) to (u, r, z, z)
coordinates. Another simplification comes from using a helicity basis for spinors. In the
frame (3.4), we define the following linearly independent, commuting, left-handed basis
spinors,
ξ
(+)
α (z) =
(
1
z
)
, ξ
(−)
α =
(
0
1
)
, (3.5)
as well as their right-handed complex conjugates ξ
(+)
α˙ (z) and ξ
(−)
α˙ . (We will often suppress
the dependence of ξ(+)α and ξ
(+)
α˙ on z and z.) They satisfy
ξ(+)αξ(−)α = −1 , ξ(+)α˙ ξ(−)α˙ = 1 . (3.6)
Note that ξ(−)α is (covariantly) constant, while ∂zξ
(+)
α = ξ
(−)
α and ∂zξ
(+)
α = 0. All σ-matrices
can be expressed as bilinears in ξ(±)α and ξ
(±)
α˙ (see appendix A).
The spinors ξ(+)α , ξ
(+)
α˙ are position space analogues of the momentum space spinor-
helicity variables ηα(p), ηα˙(p) introduced in (2.22). In order to see this, we parametrize the
null momentum pµ as follows,
p
µ
∂µ = 2ω∂r = ω
((
1 + |z|2) ∂
y
0 + (z + z) ∂
y
1 − i (z − z) ∂
y
2 +
(
1− |z|2) ∂
y
3
)
. (3.7)
Here ω > 0 has units of energy, but it only coincides with the energy p0 when z = 0. It
follows from (3.7) that
pµσµαα˙ = 2ωξ
(+)
α (z)ξ
(+)
α˙ (z) , (3.8)
so that the spinor-helicity variables defined in (2.22) are given by14
ηα(p) =
√
2ωξ(+)α (z) , ηα˙(p) =
√
2ω ξ
(+)
α˙ (z) . (3.9)
14 The relation in (2.22) only defines ηα(p) up to a little group phase, which is fixed by (3.9).
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The Lorentz group SL(2,C) is isomorphic to the global conformal group in two Eu-
clidean dimensions, which acts on the asymptotic S2 parametrized by z. Infinitesimal
Lorentz transformations are therefore parametrized by two-dimensional holomorphic vec-
tor fields Y z = a+ bz + z2 with a, b, c ∈ C. The corresponding Lorentz transformation LY is
given by
L
µ
Y ∂µ =
1
2
(
∂zY
z + ∂zY
z
)
(u∂u − r∂r) +
(
Y
z − u
2r
∂
2
zY
z
)
∂z +
(
Y
z − u
2r
∂
2
zY
z
)
∂z . (3.10)
The SO(2) rotation that stabilizes the null vector field pµ in (3.7) is generated by the following
infinitesimal Lorentz transformation,
J = i (z∂z − z∂z) . (3.11)
Under such a rotation, the spinors in (3.5) transform as follows,15
LJξ(±)α = ±
i
2
ξ(±)α , LJξ(±)α˙ = ∓
i
2
ξ
(±)
α˙ . (3.12)
This shows that the spinors ξ(±)α and ξ
(∓)
α˙ have definite helicity ±12 , and hence they are chiral
spinors on the asymptotic S2 parametrized by z.
Given a field F(α1···α2j)(β˙1···β˙2j)
that transforms in the (j, j) representation of the Lorentz
group SL(2,C) = SU(2) × SU(2), with j, j ∈ 1
2
Z, it is natural to expand it in terms of the
helicity eigenspinors ξ(±)α , ξ
(±)
β˙
,
F(α1···α2j)(β˙1···β˙2j)
=
m∑
m=−j
j∑
m=−j
ξ
(+)
(α1
· · · ξ(+)αj+mξ(−)αj+m+1 · · · ξ(−)α2j)ξ
(+)
(β˙1
· · · ξ(+)
β˙
j+m
ξ
(−)
β˙
j+m+1
· · · ξ(−)
β˙2j)
F(m,m) .
(3.13)
As we will discuss in examples below, the coefficient fields F(m,m) obey simple falloff conditions
near null infinity. In order to state these conditions, we need to introduce a conformal scaling
dimension ∆ for the field F(α1···α2j)(β˙1···β˙2j)
, even though the theory under consideration need
not be conformally invariant. Nevertheless, we expect its long-distance behavior near null
infinity to be governed by a conformally invariant IR fixed point, and we take ∆ to be the
scaling dimension of F(α1···α2j )(β˙1···β˙2j)
at that fixed point. In this paper, we are interested in
abelian gauge theories, which are IR free. In these theories ∆ coincides with the engineering
dimensions of the field F(α1···α2j )(β˙1···β˙2j)
. The behavior of the coefficient field F(m,m) near I
±
15 See appendix A for the action of the Lie derivative on spinors.
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(i.e. for r → ±∞) is governed by ∆ and its Lorentz quantum numbers m,m,
F(m,m)(r, u, z, z) = O
(
1
|r|∆−m−m
)
. (3.14)
The quantity ∆−m−m is known as the collinear twist: it is the eigenvalue of the conformal
generator D +M , which stabilizes the null vector field pµ.16 As a simple example, consider
an IR free, massless scalar field Φ of scaling dimension ∆ = 1. According to (3.14), its
asymptotic expansion near I + is
Φ(u, r, z, z) =
1
r
φ(u, z, z) +O(r−2) , (3.15)
and similarly near I −, with φ→ φ−.
3.2. Photon Asymptotics and Bosonic Asymptotic Symmetries
The photon is described by an anti-symmetric field strength Fµν , whose IR scaling
dimension is ∆F = 2. It decomposes into self-dual and anti-self-dual parts FSDµν and FASDµν ,
which transform as (1, 0) and (0, 1) representations of the Lorentz group. According to (3.14),
the different components of FSDµν behave as follows near I ±,
FSD(1,0) ∼
1
r
Fuz = O
(
1
r
)
,
FSD(0,0) ∼ Fur −
1
r2
Fzz = O
(
1
r2
)
,
FSD(−1,0) ∼
1
r
Frz = O
(
1
r3
)
.
(3.16)
This is consistent with the following asymptotic expansion for the gauge field Aµ near I +,
Au(u, r, z, z) =
1
r
Au(u, z, z) +O(r−2) ,
Ar(u, r, z, z) =
1
r2
Ar(u, z, z) +O(r−3) ,
Az(u, r, z, z) = Az(u, z, z) +O(r−1) .
(3.17)
16 Here D = u∂u + r∂r is a dilatation, which satisfies [D, p
µ
∂µ] = −pµ∂µ, and M = u∂u − r∂r + z∂z + z∂z
is a boost along pµ, which satisfies [M,pµ∂µ] = p
µ
∂µ.
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These falloffs were postulated in recent discussions of the classical scattering problem for
abelian gauge fields [53, 57, 64–66, 2], where they were shown to satisfy various physical
requirements, e.g. they lead to a finite energy energy flux through I +.
The dynamics of Aµ is governed by Maxwell’s equations, as determined by the La-
grangian (2.3) and (2.6),
∇µFµν = e2Jν . (3.18)
Substituting (3.16) or (3.17) into this equation leads to the following asymptotic expansion
for the electric current Jµ near I +,
Ju(u, r, z, z) =
1
r2
ju(u, z, z) +O(r−3) ,
Jr(u, r, z, z) =
1
r4
jr(u, z, z) +O(r−5) ,
Jz(u, r, z, z) =
1
r2
jz(u, z, z) +O(r−3) .
(3.19)
This is consistent with the general prescription (3.14) and the fact that Jµ should be an
operator of IR scaling dimension ∆J = 3 in the (
1
2
, 1
2
) representation of the Lorentz group.17
Substituting the asymptotic expansions (3.17) and (3.19) into the equations of mo-
tion (3.18) and expanding in powers of 1
r
leads to a system of equations that determines
(together with suitable boundary conditions at I +± ) the bulk gauge field Aµ in terms of
the boundary data Az(u, z, z) and the current Jµ, up to gauge transformations that vanish
at I + and hence do not act on physical states. In particular, we obtain the leading constraint
equation on I +,
∂uFur = ∂u (∂zAz + ∂zAz) +
e2
2
ju , (3.21)
where Fur is the leading term in the asymptotic expansion of Fur,
Fur =
1
r2
Fur +O(r−3) , Fur = Au + ∂uAr . (3.22)
17 The coefficients of Jµ in the helicity expansion (3.13) are
J( 1
2
, 1
2
) ∼ Ju , J(− 1
2
, 1
2
) ∼
1
r
Jz , J( 1
2
,− 1
2
) ∼
1
r
Jz , J(− 1
2
,− 1
2
) ∼ Jr . (3.20)
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The boundary data on I + is acted on by an infinite number of asymptotic symme-
tries, parametrized by a function ε(z, z). The corresponding charges, which generate the
symmetries, are denoted by E [ε],
[
E [ε], Az(u, z, z)
]
= i∂zε(z, z) ,
[
E [ε], fq(u, z, z)
]
= −qε(z, z)fq(u, z, z) . (3.23)
Here fq(u, z, z) denotes an arbitrary boundary field of charge q. For real ε, these symme-
tries can be viewed as large gauge transformations that do not vanish on I +. It follows
from (3.23) that E [ε = 1] is the electric charge, which is linearly realized on the fields.
For non-constant ε(z, z), the E [ε] are spontaneously broken, since the u-independent modes
of the photon shift inhomogenously. These modes describe soft, zero-momentum photons
(see appendix B) and can be interpreted as Goldstone bosons for the spontaneously broken
charges [57].
In theories with magnetic charges, there is a second set of conserved charges and asymp-
totic symmetries that can similarly be viewed as large magnetic gauge transformations acting
on a dual magnetic vector potential [2]. These symmetries can be incorporated by simply
allowing ε(z, z) in (3.23) to be a complex-valued function. For simplicity, we will restrict
the discussion below to theories that only contain electric charges, in which the magnetic
symmetries act trivially.
In the absence of magnetic charges, it was shown in [57] that the E [ε] can be written as
integrals over I +− ,
E [ε] = − 1
e2
∫
d2z ε(z, z)Fur
∣∣
I
+
−
. (3.24)
By rewriting this as an integral of ∂uFur over all of I
+ and using the constraint equa-
tion (3.21), the charges can be expressed as a sum of hard and soft contributions,
E [ε] = E h[ε] + E s[ε] , (3.25)
where the hard charge is given by
E
h[ε] =
1
2
∫
dud2z ε(z, z)ju −
1
e2
∫
d2z ε(z, z)Fur
∣∣
I
+
+
. (3.26)
The first term arises from massless charged particles passing through I + [57], while the
second one is due to massive charged particles passing through future timelike infinity [65,66].
In this paper we only consider massless particles, and hence we set Fur|I ++ = 0. We also
assume that the electric current ju vanishes at I
+
± , so that the flow of charge through I
+
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is, in a suitable sense, bounded. (Below we will impose the same restriction on the other
sources in the current multiplet J .) For instance, this is the case for a scattering process
involving a finite number of charged particles.
The soft charge in (3.25) is given by
E
s[ε] = − 1
4π
∫
d2z ε(z, z) (∂zj
s
z + ∂zj
s
z) , j
s
z(z, z) = −
4π
e2
∫
du ∂uAz . (3.27)
Here we have defined the soft photon current jsz. (The normalization is as in [64].) Under a
Lorentz transformation (3.10), it transforms as
δY j
s
z =
(
∂zY
z + Y z∂z + Y
z∂z
)
jsz , (3.28)
up to contributions from I +± that vanish whenever the field Az has well-defined boundary
values Az|I +± . The transformation (3.28) implies that j
s
z transforms as a two-dimensional field
with SL(2,C) conformal weights h = 1 and h = 0, which are appropriate for a left-moving
Kac-Moody current.
It is straightforward to repeat the preceding discussion near I −. In particular, the
charges E −[ε] that generate the asymptotic symmetries at I − are given by
E
−[ε] = − 1
e2
∫
d2z ε(z, z)F−ur
∣∣
I
−
+
. (3.29)
Here F−ur = lim
r→−∞
r2Fur is the boundary value of the electric field on I −. The fields on I +
and I − satisfy Lorentz-invariant matching conditions at spatial infinity. Since we are con-
sidering gauge theories without magnetic charges, we follow [57] and demand that
Az
∣∣
I
+
−
= A−z
∣∣
I
−
+
, (3.30a)
Fur
∣∣
I
+
−
= F−ur
∣∣
I
−
+
. (3.30b)
Comparing with (3.24) and (3.29) leads to the conservation law
E [ε] = E −[ε] . (3.31)
For ε = 1 this reduces to electric charge conservation. Semiclassically, the conservation
law (3.31) amounts to a Ward identity for the tree-level S-matrix,
E [ε]S − SE −[ε] = 0 . (3.32)
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It was shown in [57] that this Ward identity, evaluated between in and out scattering states,
reproduces the soft photon theorem (2.14). Moreover, it was shown in [53,64] that both can
be interpreted as a Kac-Moody Ward identity for the two-dimensional soft current jsz − jsz−,
where jsz was defined in (3.27) and j
s
z
− is its counterpart on I −.
3.3. Photino Asymptotics
The dynamics of the photino field Λα is governed by the following equations of motion,
which can be derived from (2.3) and (2.6),
σµα˙α∂µΛα = e
2KF α˙ . (3.33)
As in (3.13), we project the photino Λα and the fermionic source KFα , both of which transform
as (1
2
, 0) under the Lorentz group, onto the basis spinors ξ(±)α defined in (3.5),
Λα = Λ( 1
2
,0) ξ
(+)
α + Λ(− 1
2
,0) ξ
(−)
α , KFα = KF( 1
2
,0) ξ
(+)
α +KF(− 1
2
,0) ξ
(−)
α . (3.34)
Following the discussion around (3.14), the leading large-r behavior of the coefficient fields
Λ(± 1
2
,0) and KF(± 1
2
,0) is determined by their conformal scaling dimensions: Λα is a free fermion
of scaling dimension ∆Λ =
3
2
, while KFα has dimension ∆KF = 52 . Applying (3.14) then leads
to the following asymptotic expansions near I +,
Λ( 1
2
,0)(u, r, z, z) =
1
r
λ(+)(u, z, z) +O(r−2) ,
Λ(− 1
2
,0)(u, r, z, z) =
1
r2
λ(−)(u, z, z) +O(r−3) ,
(3.35)
and
KF( 1
2
,0)(u, r, z, z) =
1
r2
k(+)(u, z, z) +O(r−3) ,
KF(− 1
2
,0)(u, r, z, z) =
1
r3
k(−)(u, z, z) +O(r−4) .
(3.36)
As for the photon, the equations of motion (3.33) determine the bulk field Λα from the
boundary data λ(+) and the source KFα , as well as suitable boundary conditions at I +± . In
particular, the leading constraint equation on I + is given by,
∂zλ(+) + ∂uλ(−) =
e2
2
k(+) , (3.37)
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which determines the u-dependence of λ(−) in terms of λ(+) and k(+). As in the bosonic case,
we assume that the source k(+) vanishes at I
+
± .
We would like to know how supersymmetry relates the fermionic boundary fields in (3.35)
and (3.36) to the bosonic boundary fields in (3.17) and (3.19). Even though all four super-
charges remain unbroken at null infinity, we will focus on supersymmetry transformations
with constant spinor parameter ξ(−)α and their complex conjugates, which are generated by
the following supercharges
Q = ξ(−)αQα , Q = ξ(−)α˙Qα˙ ,
{Q,Q} = −4i∂u . (3.38)
They are the position space analogues of the supercharges that act non-trivially on massless
particle representations, as in (2.26). The only non-vanishing commutators of Q with the
boundary photon field Aµ are given by
[Q, Az] = λ(+) , (3.39a)[Q, Ar] = −λ(−) , (3.39b)
while the only non-vanishing anticommutators of Q with the boundary photino λ(±) are
{Q, λ(+)} = 4i∂uAz , (3.40a){Q, λ(−)} = −D − 2iFur + 2iFzz . (3.40b)
The action of Q on these fields can be obtained by taking the Hermitian conjugates of these
formulas. Here Fzz = ∂zAz − ∂zAz is the large-r limit of Fzz, whose falloff is O(1), as
discussed in (3.16). The auxiliary field D in the vector multiplet (2.1) is a Lorentz scalar
with IR scaling dimension ∆D = 2, which according to (3.14) falls off like D = Dr2 +O(r
−3).
The fact that there are no residual powers of r in these formulas shows that the assumed
large-r falloffs are consistent with supersymmetry.
It is straightforward to repeat the preceding discussion near I −. The photino fields
on I + and I − must then be matched at spatial infinity. The appropriate matching con-
ditions can be determined from the matching conditions (3.30) for the photon using super-
symmetry. Combining the supersymmetry variation in (3.39a) with the matching condition
for Az in (3.30a) leads to
λ(+)
∣∣
I
+
−
= λ−(+)
∣∣
I
−
+
. (3.41)
Similarly, the supersymmetry variation in (3.40b) and the matching condition for Fur in (3.30b)
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imply that the u-independent part of λ(−) should be matched across spatial infinity. However,
the constraint equation (3.37) implies that λ(−)
∣∣
I
+
−
does not exist, since
λ(−) → u
(
−∂zλ(+)
∣∣
I
+
−
)
+ ℓ(z, z) as u→ −∞ . (3.42)
Instead, we should match the u-independent term across spatial infinity, ℓ(z, z) = ℓ−(z, z),
which can be expressed in terms of λ(−) as follows,
(1− u∂u) λ(−)
∣∣
I
+
−
= (1− u∂u)λ−(−)
∣∣
I
−
+
. (3.43)
3.4. Fermionic Asymptotic Symmetries
Consider the following fermionic charges on I + and I −, for any complex-valued χ(z, z),
F [χ] =
1
2e2
∫
d2z χ(z, z) (1− u∂u)λ(−)
∣∣
I
+
−
,
F
−[χ] =
1
2e2
∫
d2z χ(z, z) (1− u∂u)λ−(−)
∣∣
I
−
+
.
(3.44)
We can express them in a more covariant form by introducing a commuting, chiral spinor-
valued function on S2,
χα(z, z) = χ(z, z)ξ
(+)
α (z) . (3.45)
Using the expansion (3.34) and the falloffs (3.35), we can write
F [χ] = − 1
2e2
∫
d2z χα(z, z)
[
(1− u∂u)
(
lim
r→∞
r2Λα(r, u, z, z)
)] ∣∣∣
I
+
−
, (3.46)
and similarly for F−[χ]. Comparing the matching condition (3.43) to (3.44) implies the
conservation law
F [χ] = F−[χ] , (3.47)
and hence a Ward identity for the tree-level S-matrix,
F [χ]S − SF−[χ] = 0 . (3.48)
In section 4 we will show that this identity gives rise to the positive-helicity soft photino the-
orem (2.28); the Hermitian conjugate charges F †[χ] lead to the negative-helicity case (2.30).
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In the remainder of this section we establish several basic properties of F [χ].
Supersymmetry relates the fermionic symmetries F [χ] defined in (3.44) to the bosonic
asymptotic symmetries E [ε] in (3.24). For instance, we can use (3.40b) to determine the
anticommutators of the supercharges Q,Q that were singled out in (3.38) with F [χ],18
{Q,F [χ]} = − i
e2
∫
d2z χ(z, z)Fur
∣∣
I
+
−
= iE [χ] ,
{Q,F [χ]} = 0 . (3.49)
Note that the fermionic symmetry F [χ], with complex parameter χ(z, z), transforms into
the bosonic symmetry E [ε] with the same parameter, ε(z, z) = χ(z, z). This shows that it is
natural to allow complex ε(z, z), as was discussed in [53,64,2] and reviewed after (3.23). More
generally, we can use (2.2) and (3.46) to express the commutator of an arbitrary supercharge
with F [χ] in the covariant form quoted in (1.2),
{
ζαQα,F [χ]
}
= iE [ζαχα] ,
{
Qα˙,F [χ]
}
= 0 . (3.50)
Here ζα is a commuting, constant spinor and χα(z, z) was defined in (3.45). It can similarly
be shown that the bosonic charges E [ε] in (3.26) are annihilated by all supercharges. This is
expected from their interpretation as conventional gauge transformations that do not vanish
at I +, since the latter commute with supersymmetry.
Following the discussion of the bosonic case around (3.24), we can express F [χ] as an
integral over I + and use the constraint equation (3.37) to write it as a sum of hard and soft
contributions,
F [χ] = F h[χ] + F s[χ] . (3.51)
The hard charge is given by
F
h[χ] =
1
4
∫
dud2z χ(z, z)u∂uk(+) +
1
2e2
∫
d2z χ(z, z) (1− u∂u) λ(−)
∣∣
I
+
+
. (3.52)
As in (3.26), the first term represents the contribution of massless charged particles that
couple to the photino, while the second term is nontrivial only if there are massive charged
particles passing through future timelike infinity. Since we are considering theories without
massive particles, we set (1− u∂u) λ(−)
∣∣
I
+
+
= 0.19 The supersymmetry transformation (3.40b)
18 Here we use the fact that D|
I
+
±
= Fzz|I +± = 0. The first equation is obtained by solving for the auxiliary
field D in (2.1) in terms of the bosonic source KB in (2.4), which is assumed to vanish at I +± . The second
equation follows from the fact that there are no magnetic charges.
19 Following [65, 66], it should be possible to incorporate massive particles by appropriately taking into
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turns this condition into Fur
∣∣
I
+
+
= 0, which was imposed after (3.26). We can compute the
following anticommutators with the supercharges singled out in (3.38),
{Q,F h[χ]} = i
2
∫
dud2z χ(z, z)ju = iE
h[χ] ,
{Q,F h[χ]} = 0 , (3.53)
up to boundary terms at I +± that involve the sources and hence vanish by assumption. In
section 4 we will use these relations to determine the action of the hard charges F h[χ] on
asymptotic scattering states.
The soft charges in (3.51) are given by
F
s[χ] =
1
2π
∫
d2z ∂zχ(z, z)ω
s , ωs =
π
e2
∫
du u∂uλ(+) . (3.54)
Here we have defined a soft photino current ωs.20 Under a Lorentz transformation (3.10), it
changes as follows,
δY ω
s =
(
1
2
∂zY
z + Y z∂z + Y
z∂z
)
ωs , (3.55)
up to boundary terms that vanish as long as λ(+) asymptotes to a u-independent function
of z, z sufficiently rapidly at I +± .
21 The Lorentz transformation (3.55) shows that the soft
photino current ωs is a two-dimensional field with SL(2,C) conformal weights h = 1
2
and
h = 0, i.e. it is a left-moving spin-1
2
current. Under the supercharges in (3.38), the soft
photino current ωs transforms into the soft photon current jsz defined in (3.27) as follows,
{Q, ωs} = ijsz , {Q, ωs} = 0 . (3.56)
In order to understand the action of the soft charges (3.54) on the photino, it is convenient
account their semiclassical photino field as they pass through timelike infinity.
20 Note that the operator
∫
du ∂uλ(+), which is similar to soft photon current j
s
z defined in (3.27), can be
shown to vanish inside S-matrix elements by expressing it in terms of creation and annihilation operators
(see appendix B) and comparing to the soft photino theorem (2.28).
21 It is sufficient to assume that λ(+) = λ(+)
∣∣
I
+
±
+O(|u|−(1+δ)), with δ > 0, as u→ ±∞.
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to rewrite them as follows,22
F
s[χ] = − 1
2e2
lim
ω→0
∫
dud2z ∂zχ(z, z) cos(ωu)λ(+) . (3.58)
In terms of creation and annihilation operators (see appendix B),
F
s[χ] =
i
4
√
2eπ
lim
ω→0
√
ω
∫
d2z ∂zχ(z, z)
(
aΛ,+(ω, z, z)− a†Λ,−(ω, z, z)
)
. (3.59)
This shows that F s[χ] acts on zero-momentum photini. Using this expression, as well as
the mode expansion for λ(+) and the anticommutation relations for creation and annihilation
operators in appendix B, it can be checked that
{
F
s[χ], λ(+)(u, z, z)
}
= 0 ,
{
F
s[χ], λ(+)(u, z, z)
}
= −∂zχ(z, z) . (3.60)
Thus, λ(+) shifts inhomogeneously whenever ∂zχ(z, z) 6= 0. Just as in the bosonic case (3.23),
we interpret this as spontaneous breaking of the corresponding charges F s[χ]. The u-
independent part of λ(+) furnishes the corresponding Goldstone fermions. Similar comments
apply to F †[χ], which shifts λ(+) by −∂zχ(z, z).
4. Soft Photino Theorem from Asymptotic Fermionic Symmetries
4.1. Fermionic Ward Identity for Scattering Amplitudes
In the previous section we argued for the existence of a fermionic asymptotic symme-
try F [χ], which is classically conserved (see (3.47)) and hence leads to a Ward identity (3.48)
for the tree-level S-matrix,
F [χ]S − SF−[χ] = 0 . (4.1)
We will now show that this Ward identity is nothing but the soft photino theorem for the
case of an outgoing positive-helicity photino (equivalently, by crossing symmetry, an ingoing
22 Given a function f(u) such that lim
u→±∞
f(u) exists, but is nonzero, we have the following identity,
∫ ∞
−∞
du uf
′(u) = − lim
ω→0
∫ ∞
−∞
du cos(ωu)f(u) , (3.57)
which amounts to integrating by parts but dropping the divergent boundary terms.
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negative helicity photino), which we repeat for convenience,
Mout,+n+1 −→
√
2ie
n∑
i=m+1
qi
η(pn+1)η(pi)
(FiMn)−
√
2ie
m∑
i=1
qi
η(pn+1)η(pi)
(FiMn) . (4.2)
Here pn+1 → 0 is the momentum of the soft photino. Analogously, the Ward identity
for F †[χ] leads to the soft photino theorem (2.30) for an outgoing negative helicity photino.
We begin by translating (4.2) from momentum to position space. As explained in sec-
tion 3.1, we can express the null momenta pi of the n + 1 external particles in terms of
variables ωi, zi, zi, using the parametrization in (3.7). In particular, the spinor-helicity vari-
ables corresponding to the pi are given by (3.9), so that
ηα(pn+1)ηα(pi) = 2
√
ωn+1ωi (zn+1 − zi) , (i = 1, . . . , n) . (4.3)
In this parametrization, the soft photino theorem can be written as follows,
√
2ωn+1Mout,+n+1 −→ ie
n∑
i=m+1
qi√
ωi
1
zn+1 − zi
(FiMn)−ie
m∑
i=1
qi√
ωi
1
zn+1 − zi
(FiMn) . (4.4)
In order to reproduce this result, we take the matrix element of the Ward identity (4.1)
between an m-particle in-state |1 ; . . . ; m〉 and an (n−m)-particle out-state 〈m+ 1 ; . . . ; n|.
All in- and outgoing particles (some of which could be photini) are hard, i.e. they have non-
vanishing momenta. Writing F [χ] = F h[χ]+F s[χ] as a sum of hard and soft contributions,
as in (3.51), and similarly for F−[χ], we obtain
〈m+ 1 ; . . . ; n| F s[χ]S − SF s−[χ] |1 ; . . . ; m〉 =
− 〈m+ 1 ; . . . ; n| F h[χ]S − SF h−[χ] |1 ; . . . ; m〉 .
(4.5)
To proceed, we need to know the action of the soft and hard charges on asymptotic scattering
states. The soft charge was expressed in terms of photino creation and annihilation operators
in (3.59). It creates an outgoing positive-helicity photino and an ingoing negative-helicity
photino of zero momentum. Crossing symmetry implies that these two contributions lead to
identical S-matrix elements, so that we can write the left-hand side of (4.5) as the ωn+1 → 0
limit of
i
√
ωn+1
2
√
2eπ
∫
d2w ∂wχ(w,w)
〈
m+ 1 ; . . . ; n ; Λ, p(ωn+1, w, w)
∣∣S∣∣1 ; . . . ; m〉 . (4.6)
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The action of the hard charges on asymptotic states will be derived section 4.2 below, where
it is shown that
F
h[χ]
∣∣f, p(ω, z, z), s〉 = − qf
2
√
ω
χ(z, z)F
∣∣f, p(ω, z, z), s〉 ,
F
h†[χ]
∣∣f, p(ω, z, z), s〉 = − qf
2
√
ω
χ(z, z)F †
∣∣f, p(ω, z, z), s〉 . (4.7)
Here qf is the electric charge of the state labeled by f ∈ {Φ,Φ,Ψ,Ψ}. The operator F
and its Hermitian conjugate F † appear in the soft theorem (4.2). Its action on chiral and
anti-chiral matter states was defined in (2.29).
If we choose χ(w,w) = 1
zn+1−w
, where zn+1 is the z-value parametrizing the momen-
tum pn+1 of the soft photino, the Ward identity collapses to the soft theorem (4.2). As in
the bosonic case [57], the argument can be reversed to deduce the Ward identity – and hence
the underlying symmetries – from the soft theorem, which establishes their equivalence.
4.2. Action of the Fermionic Charges on Matter Fields
Here we show that the action of the hard fermionic charges F h[χ] on asymptotic states
is given by (4.7), thereby completing the argument of section 4.1. We will do this by using
the supersymmetry relations (3.53),
{Q,F h[χ]} = iE h[χ] , {Q,F h[χ]} = 0 . (4.8)
Here E h[χ] are the hard bosonic charges, whose action (3.23) on boundary fields fq(u, z, z)
of electric charge q is given by
[
E [ε], fq(u, z, z)
]
= −qε(z, z)fq(u, z, z) . (4.9)
Given the action of the supercharges Q,Q on charged boundary fields, we can extract the
action of F h[χ] on such fields from (4.8) and (4.9). The same logic was used in section 2.4
to relate the matrix elements of the fermionic source KFα˙ to those of the electric current Jµ.
For our present purposes, all charged fields reside in massless chiral or anti-chiral multi-
plets. A chiral multiplet consists of a complex scalar Φ, whose asymptotic expansion near I +
was described in (3.15),
Φ(u, r, z, z) =
1
r
φ(u, z, z) +O(r−2) , (4.10)
and a left-handed fermion Ψα, whose large-r behavior is identical to that of the photino Λα,
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which was discussed around (3.34) and (3.35),
Ψα(u, r, z, z) =
1
r
ψ(u, z, z)ξ(+)α +O(r−2) . (4.11)
If the chiral multiplet has charge q, then so do the boundary fields φ and ψ, i.e.
[
E
h[ε], φ(u, z, z)
]
= −qε(z, z)φ(u, z, z) , [E h[ε], ψ(u, z, z)] = −qε(z, z)ψ(u, z, z) . (4.12)
Given the asymptotic expansions (4.10) and (4.11), we obtain the following transformation
rules for the boundary fields φ, ψ under the supercharges Q,Q singled out in (3.38),23
[Q, φ] =
√
2iψ ,
[Q, φ(u, z, z)] = 0 , (4.13a)
{Q, ψ(u, z, z)} = 0 , {Q, ψ(u, z, z)} = −2√2∂uφ(u, z, z) . (4.13b)
Given the transformation properties (4.12) and (4.13) of the chiral multiplet fields under
the bosonic symmetry E h[ε] and the supersymmetries Q,Q, the commutators in (4.8) are
only consistent if the fermionic symmetry F h[χ] acts as follows,
[
F
h[χ], φ(u, z, z)
]
= 0 ,
{
F
h[χ], ψ(u, z, z)
}
= − q√
2
χ(z, z)φ(u, z, z) . (4.14)
The first commutator can be understood as a consequence of the U(1)R symmetry that is
expected to emerge at the superconformal IR fixed point that governs the dynamics near null
infinity. Since F [χ] is linear in the photino (see (3.44)), it has R-charge +1. (We take the R-
charge of Qα to be −1.) The electric and U(1)R charges of the first commutator in (4.14) are
not consistent with any fermionic field in the chiral multiplet, and hence it must vanish.
For the anti-chiral multiplet of charge −q, which is described by taking the Hermitian
conjugates of (4.10), (4.11), (4.12), and (4.13), the consistency of (4.8) requires
{
F
h[χ], ψ(u, z, z)
}
= 0 , (4.15a)[
F
h[χ], ∂uφ(u, z, z)
]
= − iq
2
√
2
χ(z, z)ψ(u, z, z) , (4.15b){
Q,
[
F
h[χ], φ(u, z, z)
]}
= iqχ(z, z)φ(u, z, z) . (4.15c)
23 In principle the anticommutator {Q, ψ}, which falls off as O(r−1) at large r, could receive a contribution
from the dimension 2 scalar auxiliary field F in the chiral multiplet, but according to (3.14) such a field falls
off as O(r−2) and hence it does not contribute.
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As above, the first equation (4.15a) is due to the electric and U(1)R charges of the fields.
While (4.15b) shows that ∂uφ has a local transformation rule, it follows from (4.15c) that this
does not lead to a local transformation rule for φ itself. If it did, then φ would be Q-exact,
which is not the case because φ is the bottom component of the supermultiplet in (4.13).
The (anti-) commutators in (4.14), (4.15a), and (4.15b) are sufficient to establish the
action of F h[χ] and F h†[χ] on asymptotic states. Using the mode expansions in appendix B
and the fact that F h[χ] annihilates the vacuum,24 we find that
F
h[χ]
∣∣Φ, p(ω, z, z)〉 = F h[χ] ∣∣Ψ, p(ω, z, z),+〉 = 0 ,
F
h[χ]
∣∣Ψ, p(ω, z, z),−〉 = − q
2
√
ω
χ(z, z)
∣∣Φ, p(ω, z, z)〉 ,
F
h[χ]
∣∣Φ, p(ω, z, z)〉 = − q
2
√
ω
χ(z, z)
∣∣Ψ, p(ω, z, z),+〉 .
(4.16)
Here the null momenta of the asymptotic states are parametrized in terms of ω, z, z as in (3.7).
We can express (4.16) in terms of the operator F , whose action on asymptotic states was
defined in (2.29),
F |Φ, p〉 = F |Ψ, p,+〉 = 0 , F |Φ, p〉 = |Ψ, p,+〉 , F |Ψ, p,−〉 = −|Φ, p〉 . (4.17)
Since |Φ, p〉 has charge q and |Ψ, p,−〉 has charge −q, we can express (4.16) as follows,
F
h[χ] |f, p, s〉 = − qf
2
√
ω
χ(z, z)F |f, p, s〉 , (4.18)
where qf is the electric charge of the state. It is straightforward to repeat the preceding
discussion for the Hermitian conjugate charges. They obey
F
h†[χ] |f, p, s〉 = − qf
2
√
ω
χ(z, z)F † |f, p, s〉 , (4.19)
where the action of F † on one-particle asymptotic states was defined in (2.29). Together
with (4.18), this establishes the relations stated in (4.7).
24 Recall that the soft charges F s[χ] are spontaneously broken, since they shift the photino as in (3.60)
and hence do not annihilate the vacuum. However, this is not the case for the hard charges Fh[χ].
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A. Conventions
Unless stated otherwise we follow the conventions of [73]. Here we collect various useful
formulas related to the choice of coordinates and spinor basis introduced in section 3.1.
A.1. Coordinates
Flat Minkowski coordinates are denoted by ya. We work in curvilinear coordinates
xµ = (u, r, z, z), which are related to the ya as follows,
y0 =
1
2
(
u+ r
(
1 + |z|2)) ,
y1 =
r
2
(z + z) ,
y2 = −ir
2
(z − z) ,
y3 = −1
2
(
u− r (1− |z|2)) .
(A.1)
The Minkowski metric is given by
ds2 = ηabdy
adyb = −dudr + r2dzdz . (A.2)
The δ-function in the z, z plane is normalized as follows,
g(w,w) =
∫
d2z δ(2)(z − w)g(z, z) , d2z = idz ∧ dz . (A.3)
In this paper, we are interested in the regions r → ±∞, with u, z, z finite. When
r → +∞, the coordinate charge in (A.1) asymptotes to
y0 − |~y | → u
1 + |z|2 , y
0 + |~y | → (1 + |z|2) r , w (~y )→ z . (A.4)
Here w (~y ) ∈ C is the standard stereographic coordinate on the unit S2 defined by ~y
|~y |
∈ R3.
This shows that the large-r region parametrized by u, z, z is precisely I +, with the exception
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of the point z =∞. Similarly, the r → −∞ limit of (A.1) is given by
y0 − |~y | → (1 + |z|2) r , y0 + |~y | → u
1 + |z|2 , w (~y )→ −
1
z
, (A.5)
which correctly describes I − (again with the exception of a point on S2). Note that the
same z-coordinate in (A.4) and (A.5) leads to w-coordinates that are related by the antipodal
map w → − 1
w
.
A.2. Spinors
In order to discuss spinors in the curvilinear coordinates xµ, we choose the vielbein
eaµ =
∂ya
∂xµ
, (A.6)
with ya(xµ) as in (A.1), which leads to a vanishing spin connection. In this frame, we employ
the following bases for left- and right-handed spinors,
ξ
(+)
α (z) =
(
1
z
)
, ξ
(−)
α =
(
0
1
)
, ξ
(+)
α˙ (z) =
(
1
z
)
, ξ
(−)
α˙ =
(
0
1
)
. (A.7)
The σ-matrices can then be expressed as simple bilinears, (A.7),
σ
u
αα˙ = −2ξ(+)α ξ(+)α˙ , σrαα˙ = −2ξ(−)α ξ(−)α˙ , σzαα˙ =
2
r
ξ
(+)
α ξ
(−)
α˙ , σ
z
αα˙ =
2
r
ξ
(−)
α ξ
(+)
α˙ . (A.8)
Similar formulas for the σ-matrices can be obtained by raising the spinor indices. The left-
handed Lorentz generators σµν =
1
4
(
σµσν − σνσµ
)
can be expressed as
(σur)αβ = −
1
4
(
ξ(+)α ξ
(−)
β + ξ
(−)
α ξ
(+)
β
)
,
(σuz)αβ = −
r
2
ξ(−)α ξ
(−)
β ,
(σrz)αβ =
r
2
ξ(+)α ξ
(+)
β ,
(σzz)αβ =
r2
4
(
ξ(+)α ξ
(−)
β + ξ
(−)
α ξ
(+)
β
)
,
(σuz)αβ = (σrz)αβ = 0 .
(A.9)
The right-handed Lorentz generators are given by Hermitian conjugation, since σµν = −
(
σµν
)†
.
The Lie derivatives of left- and right-handed spinor fields Ψα and Ψα˙ along a Killing
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vector Kµ are given by
LKΨα = Kµ∇µΨα −
1
2
∇µKν(σµν)αβΨβ ,
LKΨα˙ = Kµ∇µΨα˙ −
1
2
∇µKν(σµν)α˙β˙Ψ
β˙
.
(A.10)
Since the spin connection vanishes in our frame (A.6), the covariant derivatives of the spinors
reduce to ordinary partial derivatives.
A.3. Null Momenta
In flat Minkowski coordinates, we can parametrize null momenta pa as follows,
pa = ω
(
1 + |z|2, z + z,−i(z − z), 1− |z|2) . (A.11)
Here ω has dimension of mass, but it is only equal to the energy p0 when z = 0. In this
parametrization, the Lorentz-invariant δ-function in momentum space is given by
(2p0)δ(3)
(
~p− ~p ′) = 1
ω
δ
(
ω − ω′) δ(2) (z − z′) . (A.12)
Since det (p · σ) = −p2 = 0, we can express the null momentum as a product of spinor-
helicity variables,
pµσ
µ
αα˙ = ηα(p)ηα˙(p) . (A.13)
In terms of the usual angle and square brackets, ηα(pi) = i〉α and ηα˙(pi) = i]α˙. If we
parametrize the null momentum pa as in (A.11), the spinor-helicity variables are related to
the basis spinors in (A.7) as follows,
ηα(p) =
√
2ωξ(+)α (z) , ηα˙(p) =
√
2ω ξ
(+)
α˙ (z) . (A.14)
This fixes our convention for their little group phases, which is not determined by (A.13).
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B. Mode Expansions
The free-field mode expansions that appear in this paper are given by
Aµ(x) = e
∑
±
∫
d3p
(2π)3
1
2p0
[(
ε(±)µ (p)
)∗
aF ,±(p)e
ip·x + ε(±)µ (p) a
†
F ,±(p)e
−ip·x
]
,
Λα(x) = e
∫
d3p
(2π)3
ηα(p)
2p0
[
aΛ,+(p)e
ip·x + a†Λ,−(p)e
−ip·x
]
,
Φ(x) =
∫
d3p
(2π)3
1
2p0
[
aΦ(p)e
ip·x + a†Φ(p)e
−ip·x
]
,
Ψα(x) =
∫
d3p
(2π)3
ηα(p)
2p0
[
aΨ,+(p)e
ip·x + a†Ψ,−(p)e
−ip·x
]
.
(B.1)
Here the photon and photino fields have an extra factor of the gauge coupling e, because their
kinetic terms in (2.3) are not canonically normalized. The non-vanishing (anti-) commutation
relations satisfied by the creation and annihilation operators are given by
[aF ,±(p), a
†
F ,±(p
′)] = [aΦ(p), a
†
Φ(p
′)] = [aΦ(p), a
†
Φ
(p′)] = (2π)3 (2p0) δ3
(
~p− ~p ′) ,
{aΛ,−(p), a†Λ,−(p′)} = {aΛ,+(p), a†Λ,+(p
′)}
= {aΨ,−(p), a†Ψ,−(p′)} = {aΨ,+(p), a†Ψ,+(p
′)} = (2π)3 (2p0) δ3(~p− ~p ′) .
(B.2)
The one-particle states that are used throughout the paper are given by
|F , p,±〉 = a†F ,±(p) |0〉 ,
|Λ, p,−〉 = a†Λ,−(p) |0〉 ,
∣∣Λ, p,+〉 = a†
Λ,+
(p) |0〉 ,
|Φ, p〉 = a†Φ(p) |0〉 ,
∣∣Φ, p〉 = a†
Φ
(p) |0〉 ,
|Ψ, p,−〉 = a†Ψ,−(p) |0〉 ,
∣∣Ψ, p,+〉 = a†
Ψ,+
(p) |0〉 . (B.3)
The mode expansions for the boundary fields Az, λ(+), φ, ψ are obtained by taking a
suitable large-r limit of the formulas in (B.1), which can be evaluated using the stationary
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phase approximation,
Az(u, z, z) = −
ie
4
√
2π2
∫ ∞
0
dω
(
aF ,+(ω, z, z)e
−iωu − a†F ,−(ω, z, z)eiωu
)
,
λ(+)(u, z, z) = −
ie
4π2
∫ ∞
0
dω (2ω)
1
2
(
aΛ,+(ω, z, z)e
−iωu − a†Λ,−(ω, z, z)eiωu
)
,
φ(u, z, z) = − i
4π2
∫ ∞
0
dω
(
aΦ(ω, z, z)e
−iωu − a†Φ(ω, z, z)eiωu
)
,
ψ(u, z, z) = − i
4π2
∫ ∞
0
dω (2ω)
1
2
(
aΨ,+(ω, z, z)e
−iωu − a†Ψ,−(ω, z, z)eiωu
)
.
(B.4)
Here the momentum pa(ω, z, z) of all creation and annihilation operators is parametrized in
terms of ω, z, z as in (A.11), and we have chosen a gauge such that the photon polarization
vectors in (B.1) take the following form in flat Minkowski coordinates (see for instance [57]),
ε(+)a(p) = − 1√
2
ξ(−)α σa
αβ˙
ξ
(+)β˙
(z) =
1√
2
(z, 1,−i,−z) , ε(−)a(p) =
(
ε(+)a(p)
)∗
. (B.5)
We can invert (B.4) to express the creation operators in terms of the boundary fields,
a
†
F ,+ = −
2
√
2π
eω
∫
du e−iωu∂uAz , a
†
F ,− = −
2
√
2π
eω
∫
du e−iωu ∂uAz ,
a
†
Λ,+
= −
√
2πi
e
√
ω
∫
du e−iωu λ(+) , a
†
Λ,− = −
√
2πi
e
√
ω
∫
du e−iωu λ(+) ,
a
†
Φ
= −2π
ω
∫
du e−iωu ∂uφ , a
†
Φ = −
2π
ω
∫
du e−iωu ∂uφ ,
a
†
Ψ,+
= −
√
2πi√
ω
∫
du e−iωu ψ , a
†
Ψ,− = −
√
2πi√
ω
∫
du e−iωu ψ . (B.6)
The corresponding annihilation operators are obtained by Hermitian conjugation.
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